We present the first quantum field theory calculation of the pointwise behaviour of the leadingtwist parton distribution amplitudes (PDAs) of the proton and its lightest radial excitation. The proton's PDA is a broad, concave function, whose maximum is shifted relative to the peak in QCD's conformal limit expression for this PDA; an effect which signals the presence of both scalar and pseudovector diquark correlations in the nucleon, with the scalar generating around 60% of the proton's normalisation. The radial-excitation is constituted similarly, and the pointwise form of its PDA, which is negative on a material domain, is the result of marked interferences between the contributions from both types of diquark; particularly, the locus of zeros that highlights its character as a radial excitation. These features originate with the emergent phenomenon of dynamical chiralsymmetry breaking in the Standard Model.
1. Introduction -Wave functions provide insights into composite systems, e.g. they express the presence and extent of correlations between constituents, and their signature in scattering processes; and thereby bridge experiment and theory, delivering understanding from what might otherwise seem arcane observations. This is true within quantum chromodynamics (QCD), the quantum field theory describing strong interactions; but there are difficulties. Everyday hadrons (p = proton, neutron, etc.) are constituted from up (u) and down (d) valencequarks; but the Higgs boson generates current-masses for these fermions which are more than 100-times smaller than the scale associated with the composite systems: m u,d ≈ 2 − 4 MeV cf. m p ≈ 1 GeV. Evidently, the interaction energy greatly exceeds the rest masses of the anticipated constituents, making inapplicable the wave functions typical of Schrödinger quantum mechanics.
The difficulties appear chiefly because particle-number is not conserved by Lorentz boosts; and extreme challenges are faced when constituents are light, e.g. wave functions describing incoming and outgoing scattering states then represent systems with different particle content, so a probability interpretation is lost. Such problems are circumvented by using a light-front formulation because eigenfunctions of the Hamiltonian are then independent of the system's four-momentum [1, 2] .
The light-front wave function of a hadron with momentum P and spin λ, Ψ(P, λ), is complicated. In terms of perturbation theory's partons, Ψ(P, λ) has a countablyinfinite Fock-space expansion, with the N -parton term depending on 3N momentum variables, constrained such that their sum yields P , with a similar constraint on their spin (and flavour). Were it necessary to use this complete object in analyses of even the simplest processes, then little connection between experiment and theory could be made. Fortunately, collinear factorisation in the treatment of hard exclusive processes entails that much can be gained merely by studying hadron leading-twist parton distribution amplitudes (PDAs) [3] [4] [5] . Such a PDA is obtained from the simplest term in the Fock-space expansion, e.g. meson, quark-antiquark (Ň = 2) or baryon, three-quark (Ň = 3), with the constituents' light-fronttransverse momenta integrated out to a given scale, ζ.
Regarding ground-state S-wave light-meson leadingtwist PDAs, the last decade has seen real progress, not concerning their conformal limit [3] [4] [5] : ϕ(x; ζ) = 6x(1 − x), m p /ζ 0; but on m p /ζ 1, where they are now known to be broad, concave functions, e.g. [6] [7] [8] [9] [10] [11] [12] [13] . This resolves a long-time conflict, eliminating the notion that such PDAs exhibit a minimum at zero relative momentum [14] .
Concerning the proton's leading-twist PDA, however, the situation is as unsatisfactory today as it was for mesons ten years ago. Estimates of low-order Mellin moments exist, obtained using sum rules [14, 15] or lattice-QCD (lQCD) [16] [17] [18] , but there are no quantum field theory computations of this PDA's pointwise behaviour; and nothing is known about the PDA of the proton's radial excitation. These issues are addressed herein. 2. Proton PDA: Definition -In the isospin-symmetry limit, the proton possesses one independent leading-twist (twist-three) PDA [19] , denoted ϕ([x]; ζ) herein:
where n 2 = 0; (a, b, c) are colour indices; ψ ± = H ± ψ := (1/2)(I D ± γ 5 )ψ, / n = γ · n;q indicates matrix transpose; C is the charge conjugation matrix, N = N (P ) is the proton's Euclidean Dirac spinor (Ref. [20] , Appendix B); ) can be computed once the proton's Poincaré-covariant wave function is in hand; and following thirty years of study [21] [22] [23] [24] [25] , a clear picture has appeared. At an hadronic scale, the proton is a Borromean system, bound by two effects [26] : one originates in non-Abelian facets of QCD, expressed in the effective charge [27] and generating confined, nonpointlike but strongly-correlated colour-antitriplet diquarks in both the isoscalar-scalar and isotriplet-pseudovector channels; and that attraction is magnified by quark exchange associated with diquark breakup and reformation. The presence and character of the diquarks owe to the mechanism that dynamically breaks chiral symmetry in the Standard Model [26] .
The proton Faddeev amplitude can be written [20] :
where the subscript identifies the bystander quark, i.e. the quark not participating in a diquark, ψ 3 gives ψ 1,2 by cyclic permutation of all quark labels, and
({p}, {α}, {σ}) are the momentum, isospin and spin labels of the dressed-quarks constituting the bound state; P = p 1 + p 2 + p 3 is the total momentum of the baryon; The proton's Faddeev wave function, χ, is obtained from Eqs. (2), (3) by attaching the appropriate dressedquark and -diquark propagators. Each quantity involved is known because the nucleon Faddeev equation has been widely studied [20, [28] [29] [30] [31] [32] [33] . We therefore proceed by using algebraic representations for every element, with each form and their relative strengths, when combined, based on these analyses. The dressed-quark propagator
where
and r 1 = 1/4, n 0,1 are fixed by requiring that the zeroth Mellin moment of the leading-twist PDA of each diquark correlation is [n · K/n · P ]. The final elements are:
r P = 13/87; r A measures the relative 1
strengths in the Faddeev amplitude; and n is that amplitude's canonical normalisation constant, whose value ensures the proton has unit charge [34] . Eqs. (4), (5) define a constrained spectral function model for χ [20, [28] [29] [30] [31] [32] [33] , whose fidelity will subsequently be tested. Crucially, the form is completely general: one can always use perturbation theory integral representations (PTIRs) for the propagators and amplitudes that arise in solving the continuum bound-state problem [35] [36] [37] ; so our subsequent analysis will establish an archetype for the continuum computation of baryon PDAs.
3. Proton PDA: Calculation -Whenever the proton's Faddeev amplitude is as specified by Eqs. (2), (3), then Eq. (1) can be written as depicted in Fig. 1 , where
As a concrete illustration, we consider the first diagram on the rhs, whose contribution to the proton's PDA is fully determined by the following Mellin moments:
where δ
Considering only the 0 + diquark component, the second and third contributions in Fig. 1 vanish because this correlation is isoscalar-scalar, and hence the leadingtwist part of the last line in Eq. (7) 
where we have used properties of tr D , the projection operators H ± , and n µ . Inserting Eq. (9) into Eq. (7), one finds that the scalar diquark contribution to the proton's PDA is obtained from a convolution of the diquark's PDA with that of the bystander-quark in the quark+diquark Faddeev amplitude. Importantly, the result generalises to the isotriplet-pseudovector component of the proton's Faddeev wave function, in which case the proton's PDA receives contributions from all three diagrams in Fig. 1 . Continuing our illustrative calculation, one first computes the scalar diquark PDA following the methods described in Refs. [7, 13] . Namely, in the k-integration of Eq. (7), use a Feynman parametrisation to rearrange the integrand such that there is a single denominator, a kquadratic form raised to some power; and employ a suitably chosen change of variables in order to evaluate the integral over this relative four-momentum using standard algebraic methods. This yields, withū = 1 − u and
In our case, one can straightforwardly obtain the following algebraic result when Λ Γ = M (x 3 = 1 −x 2 ,
where n 0 (K
the two-body conformal-limit PDA, which describes a correlation-free system; whereas on K 2 Λ 2 Γ , ϕ 0 (x 2 ,x 3 ) = 1, which is the PDA of a pointlike two-body composite, the most highly-correlated system possible.
Using Eqs. (10), suppressing n in Eq. (5), one can rewrite Eq. (7) in the form (p 1 = + P/3, K = −p 1 + P ):
at which point the analysis leading to Eqs. (10) + -diquark contributions. That is readily accomplished by employing the procedure sketched above. The addition is a sum of three integrals, two involving seven Feynman parameters, the third, nine, and each with a denominator that is an -quadratic form.
All integrals required to compute ϕ([x]; ζ) are readily evaluated numerically. We choose the parameters in Eqs. (4), (5) r A = 0.30 ± 0.03 ensuring that the scalar diquark contribution to the proton's baryon number is 65 ± 5%. The distribution thus obtained is that associated with the hadronic scale ζ = ζ H = 0.51 GeV [38] .
We evolve ϕ([x]; ζ H ) to ζ = ζ 2 = 2 GeV by adapting the algorithm in Refs. [7, 8] to the case of baryons, i.e. generalising the functional representation in Ref. [39] and using the leading-order evolution equation in Ref. [5] . The result is depicted in Fig. 2 and efficiently interpolated using (w 00 = 1)
P is a Jacobi function, C a Gegenbauer polynomial; and the interpolation parameters are listed in Table IA.  Table IB lists the four lowest-order moments of our proton PDA. They reveal valuable insights, e.g. when the proton is drawn as solely a quark+scalar-diquark correlation, x 2 u = x 3 d , because these are the two participants of the scalar quark+quark correlation; and the system is very skewed, with the PDA's peak being shifted markedly in favour of x 1 u > x 2 u . This outcome conflicts with lQCD results [17, 18] . On the other hand, realistic Faddeev equation calculations indicate that pseudovector diquark correlations are an essential part of the proton's wave function. Naturally, when these {uu} and {ud} correlations are included, momentum is shared more evenly, shifting from the bystander u(x 1 ) quark into u(x 2 ), d(x 3 ). Adding these correlations with the known weighting, the PDA's peak moves back toward the centre and our computed values of the first moments align with those obtained using lQCD. This confluence delivers a significantly more complete understanding of the lQCD simulations, which are now seen to validate a picture of the proton as a bound-state with both strong scalar and pseudovector diquark correlations, in which the scalar diquarks are responsible for ≈ 60% of the Faddeev amplitude's canonical normalisation. Importantly, as found with ground-state S-wave mesons [7] [8] [9] [10] [11] [12] , the leading-twist PDA of the ground-state nucleon is both broader than ϕ cl N ([x]) and decreases monotonically away from its maximum in all directions. Our framework is readily extended to describe the quark core of the proton's first radial excitation: m R = (3/2)m p [29, 33] . The scalar functions in this system's Faddeev amplitude possess a zero at quark-diquark relative momentum
. This feature can be implemented via Eq. (5):
were all fitted to reproduce known solutions for the first radial excitation. We therewith obtain the PDA in the rightmost panel of Fig. 2 , which is efficiently interpolated using Eq. (13) with the parameters in Table IA ; and whose first four moments are listed in Table IB . This prediction reveals some curious features, e.g.: the excitation's PDA is not positive definite and there is a prominent locus of zeros in the lower-right corner of the barycentric plot, both of which echo features of the wave function for the first radial excitation of a quantum mechanical system and have also been seen in the leading-twist PDAs of radially excited mesons [40, 41] ; and the impact of pseudovector correlations within this excitation is opposite to that in the ground-state, viz. they shift momentum into u(x 1 ) from u(x 2 ), d(x 3 ). 4. Epilogue -We used simple perturbation theory integral representations (PTIRs) for all elements in the Faddeev wave functions, therewith defining models constrained by the best available solutions of the continuum three-valence-body bound-state equations. Crucially, the technique we introduced is completely general: it can readily be used with any realistic Poincaré-covariant bound-state wave function, once it is expressed via PTIRs. Hence, the veracity of our PDA predictions can straightforwardly be tested in future studies. In the interim, the PDAs we have determined will, e.g. enable the first realistic assessments to be made of the scale at which exclusive experiments involving baryons may properly be compared with predictions based on perturbative-QCD hard scattering formulae and thereby assist contemporary and planned facilities to refine and reach their full potential [42] [43] [44] . The value of such estimates has recently been demonstrated in studies of mesons [10, 45, 46] .
